
CS221 Problem Workout
Week 9



Agenda
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● Syntax and semantics

● Inference Rules

● First Order Logic

● Modus Ponens

● Additional Topics



Ingredients of a Logic
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Syntax of Propositional Logic
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Implication and Causality
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Implication in propositional logic may express causality but not always:

Example 1: The Photosynthesis formula below expresses cause and effect.

𝐶𝑎𝑟𝑏𝑜𝑛 𝑑𝑖𝑜𝑥𝑖𝑑𝑒 + 𝑊𝑎𝑡𝑒𝑟 → 𝐺𝑙𝑢𝑐𝑜𝑠𝑒 + 𝑂𝑥𝑦𝑔𝑒𝑛

Example 2: the following proposition does not express causality:

Raining → Doing well on the AI final



Properties/laws of Propositional Logic
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Conjunctive Normal Form
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- Clause: disjunction of literals
- … OR … OR …

- CNF formula: a conjunction of clauses 
- (... OR … OR …) AND ( …OR …)...

- Every propositional formula can be 
converted to an equivalent CNF formula

- CNF is useful for resolution



Problem 1
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Logical Inference and Modus Ponens

9

An inference in Propositional Logic is a sequence of propositions denoted as:

Example:



Resolution
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Example:



Models and Knowledge Bases
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- We have already seen propositional logic formulas

- A model is an assignment of the variables that satisfies a formula, i.e. makes it true

- {P=0, Q=1, R=1…} makes the formula P ⋀ Q true

- Every formula f has a set of models M(f) that satisfies it

- A knowledge base is a set of formulas

- Every knowledge base KB has a set of models M(KB) that satisfies all the 

formulas in it



● As a concrete example, consider the two formulas Rain and Rain → Wet. If you know both of these 

facts, then the set of models is constrained to those where it is raining and wet.

Knowledge Base Example
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First-Order Logic
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● The expressive power of Propositional Logic is limited. For example, it cannot express 

expressions such as “for all” or “for some”. It is also difficult to express relationships.

● First-order logic, also known as predicate logic, combines quantifiers and predicates for a more 

powerful and compact formalism.



● Universal quantifier: denoted with the symbol ∀, expresses the statements: for all, for every, all of, 

for each, for any, any of, given any, for an arbitrary, etc.

∀𝑥 𝑃(𝑥) asserts that the property/predicate 𝑃(𝑥) is true for every 𝑥 in the domain.

● Existential quantifier: The existential quantifier, denoted with the symbol ∃, expresses the 

statements: there exist, for some, for at least one, there is, there is at least one, etc.

∃𝑥 𝑃(𝑥) asserts that the property/predicate 𝑃(𝑥) is true for some element 𝑥 in the domain.

Qualifiers

14



● Universal quantifier: denoted with the symbol ∀, expresses the statements: for all, for every, all of, 

for each, for any, any of, given any, for an arbitrary, etc.

∀𝑥 𝑃(𝑥) asserts that the property/predicate 𝑃(𝑥) is true for every 𝑥 in the domain.

● Existential quantifier: The existential quantifier, denoted with the symbol ∃, expresses the 

statements: there exist, for some, for at least one, there is, there is at least one, etc.

∃𝑥 𝑃(𝑥) asserts that the property/predicate 𝑃(𝑥) is true for some element 𝑥 in the domain.

Qualifiers
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1. Everyone loves everyone.

∀x ∀y love (x, y)

First-Order Logic Examples
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1. Everyone loves everyone.

∀x ∀y love (x, y)

2. If anyone cheats, everyone suffers.

∀x (cheat(x) → ∀y suffer(y))

wrong answer: ∀y(∀x cheat(x) → suffer(y)) (Order matters!)

First-Order Logic Examples
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1. Everyone loves everyone.

∀x ∀y love (x, y)

2. If anyone cheats, everyone suffers.

∀x (cheat(x) → ∀y suffer(y))

wrong answer: ∀y(∀x cheat(x) → suffer(y)) (Order matters!)

This is one way of saying “If everyone cheats, then everyone suffers.”

First-Order Logic Examples
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1. Everyone loves everyone.

∀x ∀y love (x, y)

2. If anyone cheats, everyone suffers.

∀x (cheat(x) → ∀y suffer(y))

3. Every startup that has a good product will have customers

∀x ((startup(x) ⋀ good_product(x)) → has_customers(x)))

First-Order Logic Examples
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Problem 3
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Quick Recap
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● Knowledge base: set of formulae
● Model: an assignment to the world
● M(f): set of all satisfying models
● M(KB): models satisfy each formula in KB



Office office - Problem Sheet P5 
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Alice Bob Carol

x

Employee Boss Works Paid



Office office - Problem Sheet P5 
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Alice Bob Carol

x

Employee Boss Works Paid

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)



First Order to Propositional logic
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Adding a new fact to KB
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KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)

S = Anyone who is not a boss either 
works or does not get paid

Is M(KB) different from M(KB U S)?



Adding a new fact to KB
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Case 1. If Boss(x) == T, S is satisfied for x

Case 2. If Boss(x) == F, Employee(x) must be T
Since Employee(x) -> Works(x)
S is again satisfied

Thus,
M(KB) ⊆M(KB U S)

By defn,
M(KB) ⊇M(KB U S)

Thus,
M(KB) = M(KB U S)



Fact checking
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Does everyone work?

Not Everyone works

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)



Fact checking
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Does everyone work?

Not Everyone works

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)

x Employee Boss Works Paid

Alice

Bob

Carol



Fact checking
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Does everyone work?

Not Everyone works

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)

x Employee Boss Works Paid

Alice T

Bob T

Carol T T T



Fact checking
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Does everyone work?

Not Everyone works

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)

x Employee Boss Works Paid

Alice T

Bob T F T

Carol F T T T



Fact checking
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Does everyone work?

Not Everyone works

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)

x Employee Boss Works Paid

Alice F T

Bob T F T

Carol F T T T



Fact checking
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Does everyone work?

Not Everyone works

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)

x Employee Boss Works Paid

Alice T F T

Bob T F T F or T

Carol F T T T



Fact checking
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Does everyone work?

Not Everyone works

KB
Boss(Carol)
Employee(Bob)
Paid(Carol) ∧ Works(Carol)
Paid(Alice)

∀ x Employee(x) ⟷ ¬ Boss(x)
∀ x Employee(x) ⟶ Works(x)
∀ x Paid(x) ∧ ¬ Works(x) ⟶

Boss(x)

x Employee Boss Works Paid

Alice F T F T

Bob T F T F or T

Carol F T T T



Entailment, Contingency and Contradiction
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- We can examine a new formula f against KB by looking at M(f) ∩ M(KB)

M(f) ∩ M(KB) = M(KB) Intersection is M(KB) f is entailed by KB Already knew the 
info

Ø ⊊ M(f) ∩ M(KB) ⊊ M(KB) Intersection is smaller than 

M(KB), but nonempty

f is contingent to KB Learned new info

M(f) ∩ M(KB) = Ø Intersection is empty f contradicts KB Info contradicts 
what we know



Entailment and Contradiction
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Problem 2
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Thank You
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Fact checking
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Problem 5(iii.2)
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Problem 5(iii.3)
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